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Chapter 1

Circuits made of R, L and C

1.1 (L+(R/C)) circuit

1.1.1 Circuit

Fig. 1.1.

L

C

R

Figure 1.1: Circuit (L+(R/C)).

1.1.2 Impedance

Z(ω) = L iω +
R

1 + R C iω

Re Z(ω) =
R

C2R2ω2 + 1
, Im Z(ω) = ω

(

L −
CR2

C2R2ω2 + 1

)

1.1.3 Reduced impedance

Z∗(u) =
Z(u)

R
= i T u +

1

1 + i u
, u = R C ω, T =

L

C R2
(1.1)

Re Z∗(u) =
1

u2 + 1
, Im Z∗(u) = u

(

T −
1

u2 + 1

)

Reduced characteristic angular frequency uc = 1 with:

Re Z(uc) = 1/2, Im Z(uc) = T − 1/2

T < 1 ⇒:
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• uIm Z=0 =
√

1−T

T
, Re Z(uIm Z=0) = T.

• reduced angular frequency at the apex :

ua =
1
√

2

√

−2T +
√

8T + 1 − 1

T

with:

Re Z(ua) =
1

4

(√
8T + 1 + 1

)

Im Z(ua) =

√
T

(√
8T + 1 − 3

)

√

−2T +
√

8T + 1 − 1
√

2
(√

8T + 1 − 1
)

0 0.5 1

-1

0

Re Z *

-
Im

Z
*

uc
ua

uIm Z=0

0 0.5 1

-1

0

Re Z *

-
Im

Z
*

Figure 1.2: Nyquist diagram of the reduced impedance for the (L+(R/C)) circuit
(Fig. 1.1, Eq. (1.2)) plotted for T = 0.2 (left) and T = 0.01, 0.2, 0.5, 1, 1.5 (right).
The line thickness increases with increasing T . Dots: reduced characteristic angular
frequency uc = 1 (right).

1.2 (R0+(L+(R/C))) circuit

Fig. 1.3.

L

C

R

R0

Figure 1.3: Circuit (R0+(L+(R/C))).
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1.2.1 Impedance

Z(ω) = R0 + L iω +
R

1 + R C i ω

Re Z(ω) = R0 +
R

C2R2ω2 + 1
, Im Z(ω) = ω

(

L −
CR2

C2R2ω2 + 1

)

1.2.2 Reduced impedance

Z∗(u) =
Z(u)

R
= ρ + i T u +

1

1 + i u
, u = R C ω, ρ =

R0

R
, T =

L

C R2
(1.2)

Re Z∗(u) = ρ +
1

u2 + 1
, Im Z∗(u) = u

(

T −
1

u2 + 1

)

Reduced characteristic angular frequency uc = 1 with:

Re Z(uc) = ρ + 1/2, Im Z(uc) = T − 1/2

T < 1 ⇒:

• uIm Z=0 =
√

1−T

T
, Re Z(uIm Z=0) = ρ + T.

• reduced angular frequency at the apex :

ua =
1
√

2

√

−2T +
√

8T + 1 − 1

T

with:

Re Z(ua) = ρ +
1

4

(√
8T + 1 + 1

)

Im Z(ua) =

√
T

(√
8T + 1 − 3

)

√

−2T +
√

8T + 1 − 1
√

2
(√

8T + 1 − 1
)

1.3 (C+(R/L)) circuit

1.3.1 Circuit

Fig. 1.5.

1.3.2 Impedance

Z(ω) =
1

C i ω
+

L R i ω

R + L iω

Re Z(ω) =
L2 R ω2

L2 ω2 + R2
, Im Z(ω) =

L R2 ω

L2 ω2 + R2
−

1

C ω
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0 Ρ Ρ+1Ρ+1�2

Re Z *

-
Im

Z
*

uc
ua

uIm Z=0

0 Ρ Ρ+1Ρ+1�2

Re Z *

-
Im

Z
*

Figure 1.4: Nyquist diagram of the reduced impedance for the (R0+(L+(R/C))) cir-
cuit (Fig. 1.1, Eq. (1.2)) plotted ρ = 0.2 and T = 0.2 (left) and T = 0.01, 0.2, 0.5, 1, 1.5
(right). The line thickness increases with increasing T . Dots: reduced characteristic
angular frequency uc = 1 (right).

L

R

C

Figure 1.5: Circuit (C+(R/L)).

1.3.3 Reduced impedance

Z∗(u) =
Z(u)

R
=

1

i T u
+

i u

1 + i u
, u =

L

R
ω, T =

R2 C

L
(1.3)

Re Z∗(u) =
u2

u2 + 1
, Im Z∗(u) =

u

u2 + 1
−

1

Tu

Reduced characteristic angular frequency uc = 1 with:

Re Z(uc) = 1/2, Im Z(uc) = 1/2 − 1/T

T > 1 ⇒:

• uIm Z=0 =
1

√
T − 1

, Re Z(uIm Z=0) =
1

T
.

• reduced angular frequency at the apex :

ua =
1
√

2

√

T +
√

T + 8
√

T + 2

T − 1
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0 0.5 1

0

1

Re Z *

-
Im

Z
*

uc ua

uIm Z=0
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0

1

Re Z *
-

Im
Z
*

Figure 1.6: Nyquist diagram of the reduced impedance for the (C+(R/L)) circuit
(Fig. 1.5, Eq. (1.3)) plotted for T = 5 (left) and T = 0.66, 1, 2, 5, 100 (right). The line
thickness increases with increasing T . Dots: reduced characteristic angular frequency
uc = 1 (right).

with:

Re Z(ua) =
1

4





1
√

T

T+8

+ 1





Im Z(ua) =

√
2(T − 1)

(√
T +

√
T + 8

)

T
(

3
√

T +
√

T + 8
)

√

T+
√

T+8
√

T+2

T−1

1.4 (R/L)+(R/C) circuit

Fig. 1.7.

L1 C2

R2R1

Figure 1.7: Circuit (R/L)+(R/C).

1.4.1 Impedance

Z(ω) =
L1R1i ω

L1i ω + R1

+
R2

C2R2i ω + 1
=

R1 τ1 i ω

1 + τ1 i ω
+

R2

1 + τ2 i ω
, τ1 =

L1

R1

, τ2 = R2 C2

(1.4)
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Re Z(ω) = R1

(

1 −
1

τ2
1 ω2 + 1

)

+
R2

τ2
2 ω2 + 1

, Im Z(ω) =
R1τ1ω

τ2
1 ω2 + 1

−
R2τ2ω

τ2
2 ω2 + 1

lim
ω→0

Z(ω) = R2, lim
ω→∞

Z(ω) = R1

1.4.2 Reduced impedance

Z∗(u) =
Z(ω)

R2

= ρ
i u

1 + i u
+

1

1 + T iu
, u = ω τ1, ρ =

R1

R2

, T =
τ2

τ1

Re Z∗(u) =
u2ρ

u2 + 1
+

1

T 2u2 + 1
, Im Z∗(u) =

uρ

u2 + 1
−

Tu

T 2u2 + 1

1.4.3 Nyquist impedance diagrams

• T > 1, Fig. 1.8.

0 1Ρ

0

Re Z *

-
Im

Z
*

1�T

1

0 1Ρ

0

Re Z *

-
Im

Z
*

0 1 Ρ

0

Re Z *

-
Im

Z
*

1�T

1

0 1 Ρ

0

Re Z *

-
Im

Z
*

Figure 1.8: T > 1. Nyquist diagrams of the impedance for the (R/L)+(R/C) circuit
(Fig. 1.7, Eq. (1.4)) plotted for : top : ρ < 1 (ρ = 0.5), bottom : ρ > 1 (ρ = 1.5).
T ≫ 1 (T = 102) (left) and increasing values of T (right). The line thickness increases
with increasing T .

• T < 1, Fig. 1.9.

• T = 1, Fig. 1.10.

T = 1 ⇒ Z∗(u) =
1 + ρ i u

1 + iu
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0 1Ρ

0

Re Z *

-
Im

Z
*

1�T

1

0 1Ρ

0

Re Z *

-
Im

Z
*

0 1 Ρ

0

Re Z *

-
Im

Z
*

1�T

1

0 1 Ρ

0

Re Z *

-
Im

Z
*

Figure 1.9: T < 1. Nyquist diagrams of the impedance for the (R/L)+(R/C) circuit
(Fig. 1.7, Eq. (1.4)) plotted for : top : ρ < 1 (ρ = 0.5), bottom : ρ > 1 (ρ = 1.5).
T ≪ 1 (T = 10−2) (left) and increasing values of T (right). The line thickness increases
with increasing T .

0 1Ρ
0

Re Z *

-
Im

Z
*

1

0 Ρ = 1

0

Re Z *

-
Im

Z
*

0 1 Ρ

0

Re Z *

-
Im

Z
*

1

Figure 1.10: T = 1. Nyquist diagrams of the impedance for the (R/L)+(R/C) circuit.
Left: ρ < 1, middle: ρ = 1, right: ρ > 1.

1.4.4 Inductive and capacitive Nyquist diagrams

T > 1 and
1

T
< ρ < T or T < 1 and T < ρ <

1

T

⇒ uIm=0 =

√
T − ρ

√

T (Tρ− 1)
, ReIm =0 =

1 + ρ

1 + T

Fig. 1.11.

1.4.5 Array of Nyquist impedance diagrams

Fig. 1.12.
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0 11+Ρ

1+T

Ρ

0

Re Z *

-
Im

Z
*

1�T

1

uIm= 0

0 1 1+Ρ

1+T

Ρ

0

Re Z *

-
Im

Z
*

1�T

1

uIm= 0

Figure 1.11: Inductive and capacitive Nyquist diagrams. Left : T > 1 and
1

T
< ρ <

T , right : T < 1 and T < ρ <
1

T
.

-1 0 1
log T

-1

0

1

lo
g
Ρ

Figure 1.12: Array of Nyquist impedance diagrams for the (R/L)+(R/C) circuit.
T = ρ = 1 ⇒ Z∗(u) = 1, ∀u.

1.5 RLC parallel circuit

1.5.1 Circuit

Fig. 1.13.
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R

C

L

Figure 1.13: Circuit ((R/L)/C).

1.5.2 Admittance

Y (ω) =
1

L iω
+ C i ω +

1

R
=

L i ω + R + C L R (i ω)2

L R i ω

Re Y (ω) =
1

R
, Im Y (ω) = −

1

L ω
+ C ω

Re Y (ω) is constant, limω→0 Im Y (ω) = −∞, limω→∞ Im Y (ω) = ∞ ⇒ Nyquist
diagram of Y (ω) is a vertical straight line.

1.5.3 Reduced admittance

Y ∗(u) = R Y (u) = 1 + Λ

(

i u +
1

i u

)

, u = ω
√

L C, Λ = R

√

C

L

Re Y ∗(u) = 1, Im Y ∗(u) = Λ

(

u −
1

u

)

0 1
Re Y*

-1

0

1

Im
Y
*

uc3

uc1

uc2

Figure 1.14: Nyquist diagram of the ((R/L)/C) circuit reduced admittance. uc1 =
(−1 +

√
1 + 4Λ2)/2Λ, uc2 = 1, uc3 = (1 +

√
1 + 4Λ2)/2Λ.
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1.5.4 Impedance

Z(ω) =
1

Y (ω)
=

1
1

L i ω
+ C i ω +

1

R

=
L R i ω

L iω + R + C L R (i ω )2

Re Z(ω) =
L2 R ω2

L2 ω2 + (R − C L R ω2)2
, Im Z(ω) =

L R2 ω
(

1 − C L ω2
)

L2 ω2 + R2 (−1 + C L ω2)2

The Nyquist diagram of Y (ω) is a vertical straight line ⇒ the Nyquist diagram
of Z(ω) is a full circle.

1.5.5 Reduced impedance

Z∗(u) =
Z(u)

R
=

i u

Λ + i u + Λ (i u)2
, u = ω

√
L C, Λ = R

√

C

L

Re Z∗(u) =
u2

u2 + Λ2 (1 − u2)2
, Im Z∗(u) =

Λ u(1 − u2)

u2 + Λ2(1 − u2)2

0 1
Re Z*

-0.5

0

0.5

-
Im

Z
*

uc1

uc2

uc3

Figure 1.15: Nyquist diagram of the ((R/L)/C) circuit reduced impedance. uc1 =
(−1 +

√
1 + 4Λ2)/2 Λ, uc2 = ur = 1, uc3 = (1 +

√
1 + 4Λ2)/2 Λ (uc3 − uc1 = Λ).

1.6 RLC serie circuit

1.6.1 Circuit

Fig. 1.16.

1.6.2 Impedance

Z(ω) = R + L iω +
1

C i ω
=

1 + R C i ω + C L (i ω)2

C i ω

Re Z(ω) = R, Im Z(ω) = −
1

C ω
+ L ω

ER@SE/August 25, 2009 14



R

CL

Figure 1.16: Circuit ((R+L)+C).

Re Z(ω) is constant, limω→0 Im Z(ω) = −∞, limω→∞ Im Z(ω) = ∞ ⇒ Nyquist
diagram of Z(ω) is a vertical straight line.

1.6.3 Reduced impedance

Z∗(u) =
Z(u)

R
= 1 +

1

Λ

(

i u +
1

i u

)

, u = ω
√

L C, Λ = R

√

C

L

Re Z∗(u) = 1, Im Z∗(u) =
1

Λ

(

u −
1

u

)

0 1
Re Z*

-1

0

1

-
Im

Z
*

uc1

uc3

uc2

Figure 1.17: Nyquist diagram of the ((R+L)+C) circuit reduced impedance. uc1 =
(−Λ +

√
4 + Λ2)/2, uc2 = 1, uc3 = (Λ +

√
4 + Λ2)/2.

1.6.4 Admittance

Y (ω) =
1

Z(ω)
=

C i ω

1 + R C i ω + C L (i ω)2

Re Y (ω) = −
C2 R ω2

C2 R2 ω2 + (−1 + C L ω2)
2
, Im Y (ω) =

C ω
(

1 − C L ω2
)

1 + C ω2 (C R2 + L (−2 + C L ω2))

The Nyquist diagram of Z(ω) is a vertical straight line ⇒ the Nyquist diagram
of Y (ω) is a full circle.
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1.6.5 Reduced admittance

Y ∗(u) = R Y (u) =
Λ iu

1 + Λ i u + (i u)2
, u = ω

√
L C, Λ = R

√

C

L

Re Y ∗(u) =
u2 Λ2

1 + u4 + u2 (−2 + Λ2)
, Im Y ∗(u) =

u Λ (1 − u2)

1 + u4 + u2 (−2 + Λ2)

0 1
Re Y*

-0.5

0

0.5

Im
Y
*

uc3

uc2

uc1

Figure 1.18: Nyquist diagram of the ((R+L)+C) circuit reduced admittance. uc1 =
(−Λ +

√
4 + Λ2)/2, uc2 = ur = 1, uc3 = (Λ +

√
4 + Λ2)/2, (uc3 − uc1 = Λ).
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Chapter 2

Quartz resonator

2.1 BVD equivalent circuit

Fig. 2.1, [3, 5, 6, 1].

R

CL

C0

Figure 2.1: BVD (Butterworth-van Dyke)-equivalent circuit of a quartz resonator.

2.2 Admittance

Y (ω) =
1

R + L iω +
1

C i ω

+ i ω C0 = i ω

(

C

1 + C i ω (L iω + R)
+ C0

)

Re Y (ω) =
C2 R ω2

C2 R2 ω2 + (−1 + C L ω2)
2
, Im Y (ω) = ω

(

C (1 − C L ω2)

1 + C ω2 (C R2 + L (−2 + C L ω2))
+ C0

)

2.3 Reduced admittance

Y ∗(u) = R Y (u) =
Λ i u

1 + Λ iu + (i u)2
+ γ i u, u = ω

√
L C, Λ = R

√

C

L
, γ =

R C0√
L C

Re Y ∗(u) =
u2 Λ2

1 + u4 + u2 (−2 + Λ2)
, Im Y ∗(u) = u γ +

u Λ (1 − u2)

1 + u4 + u2 (−2 + Λ2)
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0 1
Re Y*

0

Im
Y
*

B

up

u2

us

ur

um

u1

Figure 2.2: Definitions for u1, um, ur, us, u2 and up.

0 1
Re Y*

0Im
Y
*

A

0 1
Re Y*

0Im
Y
*

B

0 1
Re Y*

0Im
Y
*

C

0 1
Re Y*

0Im
Y
*

D

Figure 2.3: Change of admittance diagram with γ. Λ = 1, γ = 10−2 (A), 2 × 10−1

(B), 1/3 (C), 1/2 (D).

2.3.1 Characteristic frequencies

• Maximum of the real part of Y ∗ for:
ur = 1 ⇒ Re Y ∗(ur) = 1, Im Y ∗(ur) = γ

ER@SE/August 25, 2009 18



• Zero-phase reduced angular frequencies: us and up defined for γ < 1/(2 +
Λ) :

1. γ <
1

2 + Λ
⇒

us =

√

Λ − γ (−2 + Λ2) − Λ
√

1 − 2 γ Λ + γ2 (−4 + Λ2)

2 γ
,

Re Y ∗(us) =
1

2

(

1 + γΛ +
√

(γ(Λ − 2) − 1)(γ(Λ + 2) − 1)
)

up =

√

2 γ + Λ − γ Λ2 + Λ
√

1 − 2 γ Λ + γ2 (−4 + Λ2)

2 γ
,

Re Y ∗(up) =
1

2

(

1 + γΛ −
√

(γ(Λ − 2) − 1)(γ(Λ + 2) − 1)
)

2. γ =
1

2 + Λ
⇒

us = up =
−γΛ2 + 2γ + Λ

2γ

Re Y ∗(us) = Re Y ∗(up) =
1

2
(1 + γΛ) (Fig. 2.3C).

3. γ >
1

2 + Λ
⇒

no zero-phase reduced angular frequency (Fig. 2.3D).

Real quartz : C0 ≈ 10−12 F, C ≈ 10−14 F, R ≈ 100 Ω, L ≈ ×10−2 H ⇒ Λ ≈
10−4 and γ ≈ 10−2 [4, 2].
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