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Chapter 1

Circuits made of R, LL and C

1.1 (L4+(R/C)) circuit

1.1.1 Circuit
Fig. 1.1.

— =

Figure 1.1: Circuit (L+(R/C)).

1.1.2 Impedance

Z(w):LiWJrl—i—R%
Re Z(w) = %;2“, Im Z(w) =w (L #ﬁf“
1.1.3 Reduced impedance
7 (u) = % =iTu+ ;o u=RCw, T = CII’%Q
Re Z*(u) = PEEEE Im Z*(u) = u (T_ %ﬂ)

Reduced characteristic angular frequency u. = 1 with:
Re Z(uc) =1/2, Im Z(u.) =T — 1/2

T<1=:

(1.1)



® Ulm z=0 = 4/ %, Re Z(uim z=0) = T.

e reduced angular frequency at the apex :

L\/2T+\/8T+11
=% -

Ug
with:
1
Re Z(ua) = 7 (\/8T F1+ 1)
I Z(uy) VT (V8T +1-3)v/-2T +8T +1—1
m Z (U,
V2(V8T+1-1)
u, Ua
0 /"\ 0
N Umz=0
N N
E E
| |

Ml /

0 0.5 1 0 0.5 1
ReZz* ReZ*

Figure 1.2: Nyquist diagram of the reduced impedance for the (L+(R/C)) circuit
(Fig. 1.1, Eq. (1.2)) plotted for T" = 0.2 (left) and 7' = 0.01,0.2,0.5,1,1.5 (right).
The line thickness increases with increasing 7. Dots: reduced characteristic angular

frequency uc = 1 (right).

1.2 (Ro+(L+(R/C))) circuit
Fig. 1.3.

(@]

-
——
——

— = =

Figure 1.3: Circuit (Ro+(L+(R/C))).
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1.2.1 Impedance

R
Z(w) = Liwd ——
W)= FRo+ Liwt o5
CR?
ReZ(“’):RﬁmvlmZ(WW(L—m
1.2.2 Reduced impedance
Z(u) . 0 L
z* = —= = T = T=
(u) 7 p+i u+1+iu,u RCw, p IR reE
Re Z*(u) = p+ ————, Tm Z*(u) = u (T — ——
u)=p u2—|—1, m u)=1mu u2—|—1

Reduced characteristic angular frequency u, = 1 with:

Re Z(uc) =p+1/2, Im Z(ue) =T —1/2

® U z—0 = \/ 55, Re Z(um z—0) =p+T.

e reduced angular frequency at the apex :

Ua

1 \/—2T+\/8T+1—1
= -

with:

ReZ(ua)zp—l—i(m—i—l)

VT (V8T +1-3)/—2T+ 8T +1—1
V2 (VBT +1-1)

Im Z(u,) =

1.3 (C+(R/L)) circuit

1.3.1 Circuit
Fig. 1.5.

1.3.2 Impedance

1 LRiw
Z =
W =Gio " Riliw
L? Rw? LR?*w 1
Re Z(w) = RPNk Im Z(w) = et Co
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u, Ya
. Umz=0 .
N N
E E
| |
0 p o0+1/2 o+1 0 p p+1/2 o+l

ReZz* ReZ”

Figure 1.4: Nyquist diagram of the reduced impedance for the (Ro+(L+(R/C))) cir-
cuit (Fig. 1.1, Eq. (1.2)) plotted p = 0.2 and 7' = 0.2 (left) and 7' = 0.01,0.2,0.5,1, 1.5

(right). The line thickness increases with increasing 7. Dots: reduced characteristic
angular frequency uc = 1 (right).

L
4111 C

— = =

Figure 1.5: Circuit (C+(R/L)).

1.3.3 Reduced impedance

Z(u) 1 iu L R2C
7 = = = — T 1.
W= = iTe 130 " TR L (13)
2 U 1
Z*(u) = —— Tm Z* v
Re Z%(u) u2+1’ m 2% (u) u24+1 Tu

Reduced characteristic angular frequency u, = 1 with:
Re Z(uc) =1/2, Im Z(u.) =1/2—-1/T
T>1=:

1 1
m Z=0 — ,R Z mZ=0) = 7-
® UIm Z=0 \/ﬂ € (UI Z 0) T

e reduced angular frequency at the apex :

Ua =

\/T+\/TTf+2
NG
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1 l 1
N N
E E
! Umz=0 !
0 \J 0
Ue vy,
0 0.5 1 0 0.5 1
Re Z* Re Z*

Figure 1.6: Nyquist diagram of the reduced impedance for the (C+(R/L)) circuit
(Fig. 1.5, Eq. (1.3)) plotted for T'= 5 (left) and T' = 0.66, 1, 2, 5, 100 (right). The line

thickness increases with increasing 7T'. Dots: reduced characteristic angular frequency
uc = 1 (right).

with:

1 1
Re Z(ug) = - +1

il
VAT = 1) (VT + VT +3)
1.4 (R/L)4(R/C) circuit
Fig. 1.7.

Im Z(u,) =

—|R1I || R, ||

Figure 1.7: Circuit (R/L)+(R/C).

1.4.1 Impedance

LlRliw RQ R1 Tliw RQ
Z(W = X + X = —+ ., T1 =
Liiw+ Ry CoRsiw+1 l+miw 14+miw

—, =Ry Oy

(1.4)
ERQSE/August 25, 2009



1 R2 Rlﬁw RQTQW
Re Z =R (1- Im Z = —
e Z(w) ! ( T2w? + 1> + T2w2 41’ m Z(w) 2w 4+1  Tw?+1

lir% Z(w) =Ry, lim Z(w)=Ry

w—00

1.4.2 Reduced impedance

Z(w) iu 1 Ry o
Z* = == = = — T:_
(u) Ry, “i1tiu " 14Tiw T PT Ry p
u?p 1 up Tu
Re Z* = Im Z* = _
e 2= gt ey MW= T e

1.4.3 Nyquist impedance diagrams
e T >1, Fig. 1.8.

T
N N
E E
I Ou 0
1
0 1 1 0 P 1
Re Z* Re Z”
1/T
[NERY [NERY
E E
I I
1
0 1 P 0 1 P
Re Z* Re Z2*

Figure 1.8: T'> 1. Nyquist diagrams of the impedance for the (R/L)+(R/C) circuit
(Fig. 1.7, Eq. (1.4)) plotted for : top : p < 1 (p = 0.5), bottom : p > 1 (p = 1.5).
T > 1 (T = 10?) (left) and increasing values of T (right). The line thickness increases
with increasing 7T'.

e T <1, Fig. 1.9.

e T =1, Fig. 1.10.

. 14+ piu
T=l= 2w =700

ERQSE/August 25, 2009 10



T
N \ N
E E
1
0 P 1 0 P 1
Re zZ* Re Z*
1/T
N m . @
E E
| \ |
Il Il 1 Il Il
0 1 P 0 1 P

Re z* Re Z*

Figure 1.9: T < 1. Nyquist diagrams of the impedance for the (R/L)+(R/C) circuit
(Fig. 1.7, Eq. (1.4)) plotted for : top : p < 1 (p = 0.5), bottom : p > 1 (p = 1.5).

T < 1 (T =107?) (left) and increasing values of T' (right). The line thickness increases
with increasing 7.

0
. 1
N \ N N
E EO———e—E \
I I I 1
0 L L
0 P 1 0 p=1 0 1 P
Re Z2* Re Z" Re Z*

Figure 1.10: T = 1. Nyquist diagrams of the impedance for the (R/L)+(R/C) circuit.
Left: p < 1, middle: p =1, right: p > 1.

1.4.4 Inductive and capacitive Nyquist diagrams

1 1
T>1and?<p<TorT<1andT<p<—

T
T—p 1+p
= Um=0 = —F——, Retm =0 = ——
UIm=0 TTp-1) Tm =0 1+7

Fig. 1.11.

1.4.5 Array of Nyquist impedance diagrams
Fig. 1.12.

ERQSE/August 25, 2009 11



yT T

N N
E Uy = = Ujm =
- \‘Irioj . 0
1 L 1 L
0 p 1 0 P 1 Lo
1+T 1+T
ReZz” ReZ”

. . .- . . 1
Figure 1.11: Inductive and capacitive Nyquist diagrams. Left : 7' > 1 and T <p<

1
T,right:T<1andT<p<f.

L OO NC N
IO CNCNC N
LN O N AN NN
e Wa e W\l N e Iah

S s B R A L)
OO OO o o Ty
A A A L AW @ ||\
NN N N N N | | N N

A\ |\ W\ |\ |\
a 0 1

log T

Figure 1.12: Array of Nyquist impedance diagrams for the (R/L)+(R/C) circuit.
T=p=1=Z"(u) =1, Yu.

1.5 RLC parallel circuit
1.5.1 Circuit

Fig. 1.13.

ERQSE/August 25, 2009 12



Figure 1.13: Circuit ((R/L)/C).

1.5.2 Admittance

1 1 Li LR(iw)?
V() = —— 4+ Ciw+ L = iw+ R+CLR(iw)

Liw R LRiw
1 1
Y(w)= =, Im Y (w) = ——
Re Y (w) 7 m (w) Lw—i—Cw
Re Y (w) is constant, lim,,_,o Im Y (w) = —o0, limy, s Im Y (w) = 0o = Nyquist

diagram of Y (w) is a vertical straight line.

1.5.3 Reduced admittance

Y*(u)=RY(u)=1+A (iqu%),uw\/ﬁ, AR\/g
ReY"(u) =1, Tm Y™ (u) = A (u %)

1 Uca
> Uc2
£ 0

-1 Uc1
0 1
Re Y~

Figure 1.14: Nyquist diagram of the ((R/L)/C) circuit reduced admittance. uc1 =

(—1+V1I+4A2)/2A, uca =1, ues = (1 + 1+ 4A2)/2A.

ERQSE/August 25, 2009 13



1.5.4 Impedance

Z(w) 1 1 LRiw
w = = =
Y (w) 1 . Il Liw+R+CLR(iw)?
— +Ciw+ -
Liw R
L2 2
Re Z(w) = R

=— 22,ImZ(w)
L?w?+ (R—CLRw?)

B LR?w (1fCLw2)

C L2w?+ R2(—1+CLuw?)?
The Nyquist diagram of Y (w) is a vertical straight line = the Nyquist diagram
of Z(w) is a full circle.

1.5.5 Reduced impedance

Z(u) iu — C
W) =R = ATietapae “TWVLEGA=RYT
u? Au(l —u?)
Re Z* = Im Z* =
¢ 2w = g e MW = a s ey
0.5 Ucs
N\
*E 0 Uc2
|
-0.5
Ucy
0 1
Re Z"

Figure 1.15: Nyquist diagram of the ((R/L)/C) circuit reduced impedance. uci =
(—1+V1+4A2)2A uco=ur =1, ues = (1 +V1+4A2)/2A (ucs —uc1 = A)

1.6 RLC serie circuit
1.6.1 Circuit

Fig. 1.16.

1.6.2 Impedance

Z(w)=R+ Liw+

1+ RCiw+CL(iw)?
Ciw Ciw
1
Zw)=R, Im Z(w) = —— + L
Re Z(w) = R, Im Z(w) C’w+ w
ERQSE/August 25, 2009
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— ]

(@]

Figure 1.16: Circuit ((R+L)+C).
Re Z(w) is constant, lim,,_,o Im Z(w) = —o0, limy, e Im Z(w) = 0o = Nyquist
diagram of Z(w) is a vertical straight line.

1.6.3 Reduced impedance

),u:vaC,A:R\/%
L, -1
u A \u

-ImZzZ”
o
c
[e]
N

Ucs

1
Re 72"

Figure 1.17: Nyquist diagram of the ((R+L)+C) circuit reduced impedance. uc1 =
(FA+VA+A2)/2, uca =1, ues = (A+vV4+A2)/2.

1.6.4 Admittance

Y(w) = I Ciw
YT Zw) 1+RCiw+CL(iw)?
2 2
ReY(w) = — ¢ R , Im Y (w)
C?R2w? 4 (=14 C Lw?)?

Cw (1—C’Lw2)

T 14+Cw? (CRZ+L (—2+CLw?))
The Nyquist diagram of Z(w) is a vertical straight line = the Nyquist diagram
of Y(w) is a full circle.

ERGSE/August 25, 2009
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1.6.5 Reduced admittance

. Aiu B B e
2 \2 Al —u?
ReY*(u) = 4 Im Y*(u) = uh (1 — )

14wt 2 (—2+A2) 1 ut 4 u? (=24 A2)

Uct
0.5 \
u
> c2
E 0
-05
Ucs
0 1
Re Y~

Figure 1.18: Nyquist diagram of the ((R+L)+4C) circuit reduced admittance. uc1 =
(A VAT A7)/2, s = e = 1, s = (A + VI T A%)/2, (ues — e = A).

ERQSE/August 25, 2009 16



Chapter 2

Quartz resonator

2.1 BVD equivalent circuit

Fig. 2.1, [3, 5, 6, 1].

Figure 2.1: BVD (Butterworth-van Dyke)-equivalent circuit of a quartz resonator.

2.2 Admittance

1
Y(w)= +iwC :iw( - - —I—C)
(@) RiLiwt — 0 1+ Ciw (Liw+ R) 0
iw
C? Ruw? C(1-CLw?
Re Y(w) CC R 1 (14 CLw?)? ) w(1+0w2 (CRQ+L(2+CLw2))+C°)

2.3 Reduced admittance

Aiu C RCO
Y* = Y = - 1 = \/L A: —_ =
u? A? uA (1 —u?)

Re Y*(u)

ImY*(u) =uvy+

T It ut T2 (=2 + A2y’ 1+ ut+u? (=2+ A2)

17



B
Uy
5 \ .
g m
Uy
0
up\_‘/ Us
uz
0 1
ReY"

Figure 2.2: Definitions for u1, um, ur, us, u2 and uyp.

A B
> >
1< 1<
=0 =0 \/
0 1 0 1
Re Y" Re Y"
C D
> >
1< 1<
=0 —— =0
0 1 0
Re Y"

Re Y"

Figure 2.3: Change of admittance diagram with v. A =1, v = 1072 (A), 2 x 107!
(B), 1/3 (C), 1/2 (D).
2.3.1 Characteristic frequencies

e Maximum of the real part of Y* for:
up =1=ReY*(u;) = 1,Im Y*(u,) =
ERQSE/August 25, 2009
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e Zero-phase reduced angular frequencies: ug and u,, defined for v < 1/(2+
A):

1
Ly — =
TS9FA

)

. _\/A7(2+A2)A\/127A+72 4+ A2
S — 27

ReY*(u) = 3 (144 + VOA -2 - DA 12 D)

\/27+A—7A2+A\/1—27A+72 )

Up = 55 ,
N 1
Re Y™ (up) = 5 (1494 = VA2 = DHA+2) - 1))
1
2 =
TTOTA T
A%+ 2y + A
Us =Up = ————(———
2y

1
Re Y*(us) = Re Y (up) = 5(1 +~A) (Fig. 2.3C).

no zero-phase reduced angular frequency (Fig. 2.3D).

Real quartz : Co =~ 1072 F,C~ 107 “ F, R~ 1000, L ~ x1072H= A~
10~* and v ~ 1072 [4, 2].

ERQSE/August 25, 2009 19
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